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A Discrete Vortex Simulation
of Kelvin-Helmholtz Instability
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I. Introduction

AT the interface between two flows of different density
and velocity, there is a generation of vorticity which

must be included when calculating the development of the
interface. In the past, models have been presented which
include a time variation of vorticity due to buoyancy and/or
surface tension effects, but the resulting numerical schemes
were either complicated1 or else limited the development of
the vortex sheet to early times.2 Other methods were due to
Daly3 and Baker etal.4

Zalosh2 applied the discrete vortex method to the study of
Kelvin-Helmholtz instability. This technique approximates a
continuous distribution of vorticity by a set of discrete
vortices, whose subsequent motion enables the motion of the
vortex .sheet to be inferred.5 The singularity in the velocity
field of a point vortex is associated with a growing ran-
domness of the discrete vortices with their close approach.
According to Zalosh, this was responsible for the inaccuracies
in his calculations.

Bromilow and Clements6 presented techniques for reducing
this irregular movement. An amalgamation technique, to
replace clusters of vortices by one vortex at the vorticity
centroid, and a redistribution technique, to replace an
unevenly distributed set of vortices by an equivalent but
evenly distributed set, thus mitigating their close approach.
The latter technique ensures that the circulation associated
with a given segment is conserved under stretching of the
sheet. The stabilizing effects of surface tension and buoyancy
delay the rolling up of the sheet and so amalgamation is not
incorporated here. The use of a double parametric cubic
spline in the redistribution technique enables sheet curvature
and gradients to be determined (correct to third order) from
the spline coefficients.

II. Mathematical Model and Numerical Scheme
Consider the vortex sheet separating two incompressible

flows with velocities Ult U2 and densities p]f p2 ( p j < p 2 ) ,
respectively.

Corresponding to the normal mode in the solution of a
first-order perturbation analysis,7 the vortex sheet is given an
initial sinusoidal perturbation of amplitude a. One
wavelength of the vortex sheet is divided into n segments of
length As, with the total circulation of a segment represented
by a vortex of strength 7, placed at its midpoint (£/,!//). The
inclination of the/th segment is 0,.
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For the preceding arrangement of vortices, expressions for
the components of induced velocity at the position of the /th
vortex can be determined7 and the vortex strengths ki are
obtained from the result of the perturbation analysis per-
formed by Kama and Burke.8

Zalosh derived the following equation for the rate of
change of y, with time, in terms of Froude number Fr and
Weber number W0.

<»
where

'k is the tangential velocity component of the /th vortex,

(2)

is the curvature of the sheet, a the coefficient of surface
tension, and g the acceleration due to gravity.

In order to follow the development of the vortex sheet,
three coupled ordinary-differential equations, i.e., Eq. (1)
and the equations for the components of induced velocity,
must be solved.

Zalosh evaluated 0,-, As1,, Rf1 by finite difference
techniques. The use of the double parametric cubic spline in
the redistribution of vorticity enables these terms to be
calculated from the spline coefficients, correct to third order.

After redistribution, the components of induced velocity
{ (uifVi) } (Rosenhead7) are evaluated for the set of vortices
of strength {7^ and positions { ( £ / , * ? / ) } • The tangential
velocity component Vis for each vortex is calculated from

Equations for the components of induced velocity are then
integrated using a fourth-order Runge-Kutta integration
scheme to provide the new vortex positions {z*\ = ( (£,*?//) )
(the superscript * denotes variables evaluated at the new time
step). The current values of induced velocity { (uf,v*) } are
also evaluated.

A double parametric cubic spline through the vortex
positions provides the values of 0*, dry/d^ lz*, and d2rj/d^2 \z*.
The new tangential velocity components { v*s } are evaluated
and, hence, dV*s/dt is evaluated by a simple backward dif-
ference. The curvatures {/?f7* ) follow from Eq. (2) and the
distance s* of each vortex, measured along the sheet from the
start of the wavelength z0, can also be determined. dR-1 1
ds\z* is determined from {s*} and [R^r] by fourth-order
Lagrangian interpolation. The new vortex strengths (y*)
follow after integration of Eq. (1).

III. Kelvin-Helmholtz Instability
The initial disturbance of interest is that which maximizes

the growth rate of the interface. According to linear sta-
bility theory,9 the corresponding wavenumber is k =
^Ig(p2—p1)/o. Incorporating this into the definitions of Fr,
We leads to W~l=F2

rl^2. This relation is used in the
following. Two cases have been chosen for presentation; these
correspond to stable and marginally unstable conditions.
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Fig. 1 Development of interface, stable conditions; Fr~2=10,
£=0.9, and a = 0.01.
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Fig. 3 Development of interface, marginally unstable conditions;
Fr~2 =0.7,5=0.99, and a = 0.01.
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Fig. 2 Amplitude variation with time, stable conditions; Fr~2 = 10,
5=0.9, and a = 0.01.

Figure 1 shows the development of the interface, at dif-
ferent times, for Fr-2 = 10(JF-;= 0,253), p ;/p2 = 0.9,
a = 0.01, and, as predicted by Drazin,10 a standing wave
develops. Linear stability theory9 predicts that the period of
oscillation will be 0.59. Figure 2 shows the amplitude
variation with time from which the period is determined to be
approximately 0.59.

Drazin10 considered the development of the interface in the
limit as p7-*p2. An infinitesimal perturbation is predicted to
oscillate with a long period and a maximum amplitude
somewhat less than \6[{Fr-K1/2 -2}/\Qir2]1/2, for the present
notation/Thus, taking p;/p2 = 0.99, F2

r = 1.438, a = 0.01, the
maximum amplitude should be less than 0.14. In Fig. 3, the
development of the interface is presented and in Fig. 4, the
corresponding amplitude variation with time is shown. A
maximum of 0.106 was found to exist.

According to Zalosh, a test of the accuracy of the
calculation would be the change in the total circulation per
wavelength since, from Eq. (1) this should be zero. Zalosh
terminated his calculation when this sum differed from the-
initial value of 59/o. For the present calculation, even after 120
steps, the total circulation is within 0.5% of the initial value.
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Fig. 4 Amplitude variation with time, marginally unstable con-
ditions; Fr~2 =0.7,5 = 0.99, and a = 0.01.

IV. Conclusions
The use of rediscretization enables the calculation to

continue beyond the times of previous calculations with a high
degree of accuracy. On comparison with the results of Zalosh,
the irregular movement of the vortices, the time limit of the
calculation, and associated inaccuracies in predictions were
not evident here. The results exhibited both quantitative and
qualitative agreement with analytical predictions. These
overall improvements are a consequence of rediscretization
which prevents the close approach of vortices and also enables
the implementation of higher order numerical schemes
through the incorporation of cubic splines.

Due to the delay in rolling up the sheet, the errors in the
calculations of Zalosh were probably due to the use of a
sparse finite difference grid and lower order numerical
schemes to calculate terms appearing in Eq. (1).

Finally, the predictions of Chandrasekhar9 and Drazin,10

cited in this Note, resulted from a linear stability analysis. The
discrete vortex simulations have demonstrated the validity of
the predictions to a nonlinear calculation.
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The Two-Dimensional Laminar Wake
with Initial Asymmetry

Anthony Demetriades*
Montana State University, Bozeman, Montana

A FREQUENT problem in laser cavity flows, airfoil
aerodynamics, and similar two-dimensional fluid

problems is the mixing of two identical uniform, compressible
streams past a sharp trailing edge (TE) of a partition, on one
side of which the laminar boundary layer is thicker than it is
on the other. Since the streams are identical, this con-
figuration resembles an ordinary two-dimensional wake;
however, the disparity in the boundary-layer thicknesses is
bound to introduce asymmetries in the flow, especially
beyond but near the trailing edge. The distance beyond the
latter over which such asymmetries persist is of significance,
especially if no restrictions are placed on the flow Mach
number Me and the temperature ratio Tw/Toe of the solid
partition relative to the stagnation temperature of the stream.
This Note aims at presenting formulas valid for such an
asymmetric wake for any Me and Tw/Toe and any degree of
asymmetry introduced via the ratio P=6}/62, where 0 is the
boundary-layer momentum thickness at the trailing edge and
subscripts 7 and 2 refer to the two sides of the partition.
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For initially asymmetric wakes (arbitrary 0<P<oo) the
method used here is based on the linearized analysis of Gold1

for wakes with arbitrary initial profiles. Gold's analysis used
the Oseen linearization and a Chapman-Rubesin factor of
unity. The Prandtl number, left arbitrary by Gold, was here
assumed to be unity, to be consistent with the use of the
Crocco relation connecting the fluid, wall (or TE), and stream
(or wake "edge") temperatures T, Tw, and Te, respectively,

where u is the flow velocity and ( )e denotes the edge con-
ditions. The specific heat ratio 7 was taken to be 1.4 in the
computations shown below and the pressure was assumed to
be everywhere constant.

The present calculation will be shown here in summary,
since its details can be found in Ref. 2. The stretched
longitudinal and lateral distances are given in terms of the
physical coordinates x* andy* and the Reynolds number

by
y
-e

(2)

(3)

where /o* is the density. If the velocity profiles assumed at the
TE (x=x* = 0) are of the type

u P+1

y*,y>0: 1- — = e~y/ei = e~ ~y

up

u
up

then one can obtain

u = l- — =u(x,y; Me)Tw/Toe,P)
Up

(4)

(5)

1 c
= - \exp(P+l)2x+

= 0.3

-2

Fig. 1 Wake profiles as a function of P= 0/ 70^ and distance ;c from
the trailing edge.


